Saturating The Bekenstein-Hawking Entropy Bound With Initial Data Sets
  For Gravitational Collapse by Bahrami, Sina
Saturating The Bekenstein-Hawking Entropy Bound With Initial Data Sets For
Gravitational Collapse
Sina Bahrami∗
Department of Physics, Cornell University
(Dated: October 5, 2018)
It is possible to find initial states for gravitational collapse whose entropy approximately saturates
the Bekenstein-Hawking entropy of the final black hole. The prototypical example of such a state
is that envisaged by Zurek and Thorne, and also by Susskind: for a black hole of mass M , a
number ∼M2 of quanta with energies of order ∼M−1 are accreted on a timescale of order ∼M3,
an approximate time-reverse of Hawking evaporation. There is lore that all initial states which
saturate the Bekenstein-Hawking entropy must involve a formation timescale of this order, ∼ M3,
and not the much shorter dynamical timescale ∼M . Counterexamples to this lore have been found
by Sorkin, Wald and Zhang, and also by Hsu and Reeb, in the form of semiclassical initial data
sets. However the spacetimes that correspond to these counterexamples possess white holes in the
past, as well as black holes in the future, which casts doubt on their physical relevance. We modify
the counterexamples to eliminate the white holes, yielding formation timescales of order ∼M2, and
argue that the lore is unfounded.
I. INTRODUCTION
Forty some years have passed since Bekenstein con-
jectured that a black hole is a thermal system with an
entropy proportional to the area of its event horizon [1].
Subsequent careful analyses by Hawking confirmed the
thermal nature of black holes [2, 3]. Since then, the
microphysical interpretation of the Bekenstein-Hawking
entropy has been the subject of much speculation and
discussion [4–6]. One of the earliest proposals was that
black hole entropy counts the number of distinct initial
data sets from which the black hole might have been
formed [1, 2]. The motivation for this proposal is that the
number of states of a system is not expected to change
if the system undergoes a unitary quantum mechanical
evolution. Thus, one expects that the number N of dis-
tinct initial data sets that can collapse to form a given
black hole must match its number of internal states, and
correspondingly match the Bekenstein-Hawking entropy,
lnN ∼M2, where M is the black hole mass 1.
As is well known, for black holes that are formed in as-
trophysical collapses, the entropies S of the pre-collapse
configurations do not saturate the Bekenstein-Hawking
value. When gravity is weak, the maximum entropy that
can be contained in a region of size R using an energy E
is that of thermal radiation, S ∼ (ER)3/4, and for the
final stages of collapse taking E ∼ M and R ∼ M gives
S ∼ M3/2, far smaller than the Bekenstein-Hawking
value. Although this estimate is based on the assumption
of weak gravity which is violated during the late stages
of collapse, one expects it to be a robust upper bound for
systems which start in a weak gravity regime. The final
stages of such collapses occur on a timescale ∼M .
∗ sb933@cornell.edu
1 Throughout this paper we work in the units of k = c = ~ = G =
1.
A different formation scenario can saturate2 the
Bekenstein-Hawking entropy. As first pointed out by
Zurek and Thorne [7] (see also [8]) small black holes of
initial mass m much smaller than the final mass M can
accrete quanta of energies E ∼ 1/m one-by-one, each
taking a time of order m. The black hole then grows
in an approximate time reverse of the Hawking evapo-
ration process, yielding a final mass M after accreting
∼ M2 quanta. The number N of such initial states is
then given by lnN ∼ S ∼ M2. However, this formation
process occurs on a much longer timescale than astro-
physical collapse, of order τ ∼M3 3.
One can also construct scenarios which are intermedi-
ate between the two extremes of dynamical collapse and
the Thorne-Zurek scenario. We consider a black hole ac-
creting quanta of a quantum field where each sector l,m
for l ≤ lmax is an independent 1 + 1 dimensional thermal
gas with quanta of energy E ∼ lmax/M and size τ . The
total number of quanta per sector is τE ∼ τ lmax/M , and
the total number of quanta is given by multiplying by
the number l2max of sectors, giving S ∼ τ l3max/M . Simi-
larly the total energy per sector is τE2 ∼ τ l2max/M2, and
the total energy is then τ l4max/M
2. Equating this to M
and eliminating lmax yields a relation between entropy S,
black hole mass M and formation timescale which inter-
polates between the two extreme examples:
S ∼M5/4τ1/4. (1)
The examples discussed above, and specifically the
relation (1), all support a lore in the community that
generic black hole microstates must be formed by col-
lapse processes on timescales much longer than M . In
2 In the weak sense that the logarithm of the number of states
scales like M2, not in the stronger sense that it is M2/4 plus
subleading corrections.
3 Also see [9], which shares some similarities with the Thorne Zurek
construction.
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2particular, one might conjecture that the relation (1) is
generic, valid in order of magnitudes for all collapse sce-
narios. The purpose of this paper is to investigate this
lore and see if there is any evidence against it.
There have been a number of attempts to challenge the
conjectured relation (1). Most famous among these at-
tempts are the initial data sets first constructed by Sorkin
et.al. in [10] which later became known as ”monsters”[11]
4. A monster is a time symmetric and asymptotically
flat spacelike Cauchy surface that is foliated by nearly
marginally trapped 2-spheres. The stress energy tensor is
everywhere vacuum except for a compact spherical region
which is filled with a thermalized gas of radiation. Mon-
sters are expected to form black holes within a timescale
on the order of M . A large entropy on the order of M2
is achieved for monsters due to the enhanced effect of
the intrinsic curvature on the Cauchy surface. Specifi-
cally, the large intrinsic curvature allows for a relatively
large number of quanta to be packed together in a spa-
tial region with a radius on the order of the Schwarzschild
radius 5.
Despite the fact that monsters saturate the Bekenstein-
Hawking entropy bound as initial data sets, they may
not give rise to valid gravitational collapse processes. In
fact, it is far from clear if their full Cauchy development
is pathology free. This question is particularly important
since a monster, by virtue of being in the close vicinity
of the future apparent horizon, is expected to be largely
within the future event horizon. Thus, one would need
to ascertain that the future event horizon is everywhere
regular.
Moreover, monsters have a time symmetric Cauchy de-
velopment. This implies that they are endowed with two
distinct curvature singularities, a black hole and a white
hole. White holes possess classical and quantum insta-
bilities that render them unphysical [13–15]. These is-
sues suggest that monster initial sets are not physically
realistic or relevant counterexamples to the conjectured
relation (1).
In this paper we investigate the global structure of
the full Cauchy development of monster-like initial con-
ditions. We shall focus on spacetimes with a dust domi-
nated collapsing core. We review the essential geometric
theory in Secs. II,III A, and III B. In Sec. III C we show
how a monster-like initial condition gives rise to a collaps-
ing spacetime that saturates the Bekenstein-Hawking en-
tropy bound and has an everywhere regular future event
horizon. Finally, in Sec. IV we discuss a class of exam-
ples obtained by modifying the spacetime geometry in
the past in order to get rid of the white hole singularity.
4 Also see [10, 12] for the so-called bags of gold initial data sets.
Similar to monsters, the full Cauchy development of these initial
data sets involve both a white hole and a black hole singularity.
5 In this case a spherical region with an area of ∼M2 can have a
volume ∼ M4, significantly larger than what it would be if the
intrinsic curvature were negligible.
We show that the modified spacetimes satisfy the weak
energy condition.
II. THE HYDRODYNAMIC APPROXIMATION
FOR DUST FLUIDS
In this section we briefly review the basics of dust fluids
and discuss the conditions for the validity of the hydro-
dynamic approximation in arbitrary spacetimes.
A pressureless dust fluid is characterized by a four-
velocity vector field ~u and a number density n, satisfying
ua∇aub = 0 and ∇a(nua) = 0. The stress energy tensor
for the dust fluid is given by
Tab = ρ uaub = mn uaub, (2)
where ρ = mn is the energy density measured in the co-
moving frame of the fluid, and m is the particle mass.
Here we allow m to have dependence on spatial coordi-
nates.
The entropy S of a dust fluid is roughly equal to
the number of its constituent particles. Therefore, one
can associate a covariantly conserved entropy current
sa = nua to the dust fluid 6, and then compute the total
entropy on any achronal spacetime slice Σ by
S =
∫
Σ
sa dΣa =
∫
Σ
ρ
m
ua dΣa =
∫
Σ
nua dΣa. (3)
The validity of the hydrodynamic approximation un-
derlying the dust fluid model hinges on the following con-
ditions7:
(8pim) n−1/3 & 1,
(8pim)−1 & 1,(16pi
3
)1/3 m
|Dm| & n
−1/3,
L  n−1/3, (4)
where D denotes differentiation with respect to the spa-
tial coordinates, and L is the radius of curvature defined
as L−4 ≡ RabcdRabcd for the spacetime Riemann curva-
ture tensor Rabcd. To have a valid model of gravitational
collapse, one needs to ensure that these relations are valid
everywhere to the past of the event horizon of the ensuing
black hole.
The above conditions can be understood as follows.
The first condition is the non-degeneracy condition, as-
serting that the degeneracy pressure can be ignored as
long as the dust particles remain non-overlapping. The
6 the entropy current defined here is generally correct upto some
order unity prefactor.
7 These relations are not precise inequalities. They are only de-
fined upto factors of order unity. The numerical factors are added
for convenience when we later discuss saturating these relations.
3violation of this condition undermines the pressureless
dust description of the fluid 8. The second condition as-
serts that the Compton wavelength of each particle must
be above the Planck length 9 for quantum gravity ef-
fects to be ignored. The third and fourth conditions re-
quire the radius of curvature and the length scales over
which the particle mass varies to be larger than the intra-
particle spacing. This last condition is equivalent to say-
ing that most of the contribution to the total entropy
comes from the modes with wavelengths small compared
to the spacetime radius of curvature.
III. DUST OBJECTS IN SPHERICAL
SYMMETRY
A. Lemaˆıtre-Tolman-Bondi dust models
Consider a spherically symmetric compact object that
is composed of non-interacting dust particles. For an
arbitrary density profile 10, the interior geometry of the
object is described by the Lemaˆıtre-Tolman-Bondi (LTB)
metric [16–18]
ds2 = −dt2 + R
′(t, r)2dr2
1− r2k(r) +R(t, r)
2dΩ2, (5)
where prime denotes differentiation with respect to the
coordinate r, R(t, r) is the areal radius, k(r) determines
the intrinsic curvature on constant t slices 11, and dΩ2 =
dθ2 + sin θ2dφ2. Since the metric (5) is describing the
interior of a compact region, the coordinate radius r is
only defined out to some rout. Furthermore, R
′(t, r) > 0
and k(r) < 1/r2 as the spherical shells are not allowed
to cross one another.
Given the metric (5), the stress energy tensor for the
pressureless dust fluid is given by (2) with
~u = ~∂t, ρ(t, r) =
ρ¯r2
R(t, r)2 R′(t, r)
, (6)
for some positive constant ρ¯. The metric function R(t, r)
can be solved for analytically from the Grr = 8piTrr = 0
8 As the intra-particle spacing approaches the Compton wave-
length of particles, the quantum fluctuations in the stress energy
tensor of the dust fluid become comparable to the classical stress
energy tensor.
9 The Planck length is defined as
√
~G/c3, which is equal to unity
in our choice of units.
10 For homogeneous density profiles, the metric is the Friedmann-
Robertson-Walker (FRW) metric
ds2 = −dt2 + a(t)2
[
dr2
1− κr2 + r
2dΩ2
]
where κ is a constant taking 0,±1 values. The areal radius R(t, r)
in the metric (5) then reduces to ra(t) in the homogeneous case.
11 The intrinsic scalar curvature of the constant t slices is (3)R =
6k(r) + 2rk′(r).
component of the Einstein’s equations. For the reason
mentioned in footnote 5, we will restrict attention to the
k(r) > 0 case. In this case we have
Grr = 0⇒ R˙(t, r)2 + 2R(t, r)R¨(t, r) + r2k(r) = 0, (7)
where dot denotes differentiation with respect to t. The
closed form solution to Eq. (7) is given by the parametric
equations
R(t, r) =
4piρ¯r
3k(r)
(1−cosu), t−t0(r) = 4piρ¯
3k(r)3/2
(u−sinu),
(8)
where 0 ≤ u ≤ 2pi. Evidently, there are two curvature
singularities in this spacetime. The function t0(r) is the
”bang function” specifying the coordinate time at which
a spherical shell at a coordinate radius r departs from one
of the curvature singularities, only to arrive at the other
one at the coordinate time t = t0(r) + 4pi
2ρ¯/[3k(r)3/2].
Note that the function t0(r) is chosen such that the inner
spherical shells arrive at the curvature singularities prior
to the outer spherical shells.
B. Dust objects with vacuum exterior
In this section we construct models of collapsing dust
objects by gluing LTB interior solutions to Schwarzschild
exterior solutions.
As we mentioned in Sec. III A, the LTB metric de-
scribes the interior geometry of a compact spherical re-
gion. The boundary of the interior region is a timelike
three dimensional hypersurface that consists of points
with the LTB coordinates {t, rout}.
The exterior geometry is given by the Schwarzschild
metric
ds2 = −ω(r¯)dt¯2 + ω(r¯)−1dr¯2 + r¯2dΩ2, ω(r¯) = 1− 2M
r¯
,
(9)
where M is the gravitational mass associated with the
collapsing object. The boundary of the compact in-
ner region in the Schwarzschild coordinates is given by{
t, R(t, rout)
}
, where t is the proper time of the freely
falling dust particles on the boundary of the inner region.
Note that t coincides with the LTB time coordinate.
To smoothly join inner LTB solutions to outer
Schwarzschild solutions one must impose the Israel junc-
tion conditions on the boundary. The details of this pro-
cess is essentially identical to the Oppenheimer-Snyder
collapse and it can be found in many references [e.g. see
[19]]. It follows from imposing the Israel junction condi-
tions on the boundary region that
M =
R(t, rout)
2
[
R˙(t, rout)
2 + r2outk(rout)
]
=
4piρ¯r3out
3
, (10)
where the second equality above follows from Eqs.(7) and
(8). Actually, a more general statement follows from
4Eq.(7); that the Misner-Sharp mass enclosed by each
spherical shell at the LTB coordinate radius r is
M(r) =
R(t, r)
2
[
R˙(t, r)2 + r2k(r)
]
=
4piρ¯r3
3
. (11)
The future (and past) apparent horizon is then defined
as the surface for which 12 13
1− 2M(r)
R(t, r)
= 1− r2k(r)− R˙(t, r)2 = 0 (12)
for all r. All spherical shells are said to be marginally
trapped on the apparent horizon. Once the apparent
horizon is crossed, i.e.
1− 2M(r)
R(t, r)
= 1− r2k(r)− R˙(t, r)2 < 0 (13)
for some spherical shell at r, then the shell is said to have
become trapped.
C. Dust objects with order M2 entropy
In this section we show that one can construct collaps-
ing dust objects using the LTB geometries with k(r) > 0
that come close to saturating the Bekenstein-Hawking en-
tropy bound of SBH = 4piM
2 for non-black hole objects
14.
Using Eqs. (3) 15 (5) (for k(r) > 0) and (6) we find
the entropy of a collapsing dust object on an achronal
but otherwise arbitrary slice to be
S = 4pi
∫ rout
0
dr
ρ¯r2
m(r)
√
1− r2k(r) . (14)
Clearly, not all choices of the metric and particle mass
functions result in valid models that can saturate the
Bekenstein-Hawking entropy bound. In addition to re-
quiring the hydrodynamic relations (4) to remain valid
12 This can also be derived by finding the necessary condition for
which the congruences of the outgoing future and past directed
null geodesics that are orthogonal to a 2-sphere at the coordinate
radius r have zero expansions.
13 It is proven in [20] that for strongly predictable spacetimes
satisfying the weak or strong energy conditions the future ap-
parent horizon is inside the future event horizon. The LTB-
Schwarzschild spacetimes for which the future event horizon is
regular everywhere are strongly predictable and satisfy both the
weak and strong energy conditions.
14 This cannot be done for homogeneous dust objects in the
Oppenheimer-Snyder collapse. The entropy (3) in these models is
roughly M/m. However, for the fluid to obey the first and fourth
of the conditions given in (4) we must have m−1 . n−1/3 M .
Similar conclusions hold for the LTB geometries with k(r) = 0
or k(r) < 0.
15 Note that the LTB metric (5) together with Eq. (8) guarantee
∇a(ρua/m) = 0 for m being an arbitrary function of r.
everywhere to the past of the future event horizon 16,
we must also require most of the future apparent hori-
zon to consist of 2-spheres for which |R˙(t, r)|  1. This
is a revision of a similar requirement that was originally
set forth in [10]. It can be seen from Eq. (12) that the
future (or past) apparent horizon cannot be entirely foli-
ated by 2-spheres with R˙ = 0. In fact that would require
k(r) = 1/r2 for all r, for which the metric (5) would not
be defined. Nonetheless, one might wonder if there are
any constraints on how small |R˙| is for the 2-spheres that
foliate the apparent horizon. Without any constraints,
the integral (14) can be made arbitrarily large for choices
of k(r) that are arbitrarily close to 1/r2.
A physically realistic choice of constraint on the small-
ness of |R˙| along the apparent horizon can be explained
as follows. Consider the 3-dimensional achronal surface
Σ parametrized by tΣ(r) that is foliated by the 2-spheres
with R˙ = 0. Now consider a constant t surface that in-
tersects Σ at {tΣ(rˇ), rˇ}. Define a coordinate radius r˜ on
this constant t surface using the following relation,
R[tΣ(rˇ), r˜] = 2M(rˇ). (15)
The proper distance between the shell at rˇ and the shell
at r˜ on this constant t surface is given by∫ rˇ
r˜
√
grrdr. (16)
This distance corresponds to the spatial distance that the
shell at {tΣ(rˇ), rˇ} would have to travel in order to arrive
at the apparent horizon. We require this distance to be
larger than the particle spacing on the shell at rˇ, i.e.∫ rˇ
r˜
√
grrdr ≥ 4n−1/3
[
tΣ(rˇ), rˇ
]
, (17)
17. According to the this constraint, Σ cannot be ar-
bitrarily close to the apparent horizon since that would
require the number density n to diverge on Σ, which takes
the dust fluid outside of its regime of validity. We shall
impose this constraint in the example that we discuss
below.
We now construct an example as follows. We set 8piρ¯ =
1 and assume that 0 ≤ r ≤ 99/10 for the interior region.
It follows from Eq. (10) that the collapsing object has a
gravitational mass M = 161.7 and a Bekenstein-Hawking
entropy SBH = 3.3×105 for the ensuing black hole in the
16 For some choices of the LTB metric functions, it is possible for
the future event horizon to encounter the past curvature sin-
gularity at some r > 0 [see App. A]. It is then implied that
the hydrodynamics conditions (4) are violated somewhere on the
future event horizon. Additionally, it follows that there are no
spacetime slices that fall entirely outside of the future event hori-
zon. Thus, the integral (14) does not account for the entropy of
a non-black hole object.
17 The factor 4 is added so that the equality case for the relation
(17) results in the entropy (14) being bounded by SBH
5Planck units. We then require the spacetime to admit
a null Cauchy surface Σ which is foliated by the spheres
with R˙ = 0 in the interior region, i.e. u = pi everywhere
on the interior part of Σ. Evaluating Eq. (8) at u = pi
we find
R
[
t(r), r
]
=
r
3k(r)
, t(r) = t0(r) +
pi
6k(r)3/2
, (18)
the latter giving the defining equation for the surface Σ
in the interior region. We can then use the fact that Σ
is a null surface together with Eqs. (5), (8) and (18) to
find a differential equation for the bang function t0(r):
dt
dr
=
R′(t, r)√
1− r2k(r)
∣∣∣∣
Σ
⇒ t′0(r) =
1
3k(r)
[
1− rk′(r)k(r)√
1− r2k(r) +
3pi
4
k′(r)
k(r)3/2
]
. (19)
Thus, the knowledge of k(r) is sufficient to fully specify
the interior geometry. Once we have the interior metric,
we can find the location of the future event horizon by
first solving Eq. (8) for rout to find the time t∗ when
the outermost spherical shell becomes trapped, and then
solve the following equation for the null geodesic in the
interior region with {t∗, rout} as its end point:
dt
dr
=
R′(t, r)√
1− r2k(r)
=
∂r
[
r
6k(r)
(
1− cos [F{6k(r)3/2(t− t0(r)}])]√
1− r2k(r) , (20)
where we defined F(u− sinu) ≡ u and used Eq. (8). We
could then confirm that the surface Σ is indeed located
outside of the future event horizon.
We proceed by finding a differential equation for k(r)
by saturating both the non-degeneracy condition given
in (4) and the shell physical distance condition given in
(17) for some spherical shells on Σ. On a given constant
t surface intersecting Σ at {tΣ(rˇ), rˇ}, we have∫ rˇ
r˜
√
grrdr =
∫ rˇ
r˜
R′
[
t(r), r
]
dr√
1− r2k(r)dr
≈ 1√
1− rˇ2k(rˇ)
∫ rˇ
r˜
R′
[
t(r), r
]
dr
=
R
[
t(rˇ), rˇ
]− 2M [rˇ]√
1− rˇ2k(rˇ) = R
[
t(rˇ), rˇ
]√
1− rˇ2k(rˇ)
= 4× (8piρ[t(rˇ), rˇ])−1/4, (21)
where we approximated the integral by assuming that
the shell at {t(rˇ), rˇ} is nearly trapped, i.e. R[t(rˇ), rˇ] −
2M(rˇ) = 1 − rˇ2k(rˇ)  1. We construct k(r) by solving
Eq. (21) for 7 ≤ r ≤ 99/10 and then continuously joining
that solution to a slowly varying function of r for 0 ≤ r ≤
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FIG. 1. This is the plot of
√
1− r2k(r) versus r. As expected,
1− r2k(r) 1 for 7 ≤ r ≤ 99/10.
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FIG. 2. This is the plot of log
[
S(r)/SBH
]
versus log
[
M(r)
]
for the example we have constructed here. Notice that the
contribution of the spherical shells at r ≥ 7 brings the entropy
given in Eq. (14) close to the Bekenstein-Hawking entropy
SBH = 3.3× 105.
7 18. We plot the resulting
√
1− r2k(r) in Fig.1. Note
that 1− r2k(r) 1 for 7 ≤ r ≤ 99/10 is consistent with
the assumption R
[
t(r), r
] − 2M(r)  1 for these shells
used in Eq. (21).
With k(r) in hand, we can now compute the integral
18 The resulting k(r) need not necessarily be C∞ but it should be
at least C2.
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FIG. 3. This is the plot of tH− tΣ versus radius r. The future
event horizon is indeed to the future of the slice Σ
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FIG. 4. Here we plot log[1−2M(r)/R(tH, r)] verses log[M(r)]
along the future event horizon. Notice that none of the spher-
ical shells are trapped, except for the outermost one for which
log[1− 2M(rout)/R(tH, rout)] diverges.
(14) to find the total entropy
S = 1.8× 105 ≈ 0.55 SBH, (22)
which turns out to be quite close to saturating the
Bekenstein-Hawking entropy bound. See Fig. 2
Upon solving Eqs. (19) and (20), we find the location
tΣ of the slice Σ as well as the location tH of the future
event horizon. We plot tH − tΣ in Fig. 3. Note that
the surface Σ is completely outside of the future event
horizon. Additionally, as expected, the future apparent
horizon is inside the future event horizon. See Fig. 4.
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FIG. 5. This is the plot of log
[
n−1/3
]
(the solid blue line),
log
[
(8pim)−1
]
(the solid violet line which is collinear with the
solid blue line), log
[
(16pi/3)1/3m/|Dm|] (the dotted brown
line), log
[
ρ−1/4
]
(the green dotted-dashed line), and log
[L]
(the blue dashed line) versus log
[
M(r)
]
along the future event
horizon.
Finally, in Fig. 5 we plot the four relevant fluid
micro-length scales together with the radius of curvature,
{n−1/3, (8pim)−1, (16pi/3)1/3m/|Dm|, ρ−1/4,L}, defined
in Sec. II along the future event horizon. Notice that all
micro-length scales are larger than the particle spacing
n−1/3 everywhere along the future event horizon. Notice
that the third condition given in (4) is close to becom-
ing saturated. This indicates that the length scales over
which the particle mass function m(r) varies is becom-
ing comparable to the particle spacing n−1/3 along the
future event horizon. Also, one should note that all five
length scales are above the Planck length.
IV. ATTEMPTS TO FIND PAST GEOMETRIES
WITH NO INITIAL SINGULARITY
In Sec. (III C) we constructed a collapsing dust object
that saturates the Bekenstein-Hawking entropy bound.
However, as we mentioned in the introduction, the global
time symmetry of the resulting spacetime renders it
pathological due to the presence of a white hole. We
find it worthwhile to attempt to construct spacetimes
that have the same large entropy but not the white hole
singularity in the past.
In the remainder of this paper, we report on a formal-
ism that we have explored in order to circumvent the past
white hole singularity. We find it convenient to initially
lay out the formalism for the closed FRW geometries, and
then apply it to the LTB geometries with k(r) > 0. As we
7show below, the numerical investigations appear to be in-
dicative of the success of this formalism in both avoiding
the white hole singularity and keeping the interior mod-
ified spacetime’s stress energy tensor from violating the
dominant energy condition 19. However, we show in Sec.
IV B that a boundary stress energy tensor is needed to
match the interior metric to the exterior Schwarzschild
geometry. Given that this boundary stress energy ten-
sor only satisfies the weak energy condition, the over-
all spacetime only satisfies the weak energy condition as
well.
A. The modified closed
Friedman-Robertson-Walker geometry
In this section we show that one can modify the closed
FRW geometry in the past in order to avoid the white
hole singularity. By construction, the stress energy ten-
sor of the modified spacetime satisfies the dominant en-
ergy conditions.
The metric for the modified spacetime is
ds2 = a(η)2
[
− dη2 + dχ2 +
(
sin
√
κ(η)χ√
κ(η)
)2
dΩ2
]
. (23)
where η ≡ ∫ dt/a(t) is the conformal time and χ ≡∫
dr/
√
1− κr2. Here, unlike the closed FRW geometry,
the spatial curvature κ is a function of the conformal
time η 20. We require κ(η) > 0 at all times and κ(η) = 1
for η ≥ ηΦ, where ηΦ is a conformal time beyond which
the spacetime geometry reduces to the closed FRW ge-
ometry. For times −∞ < η ≤ ηΦ, we define the metric
functions a(η) and κ(η) by the following set of equations
2H′ +H2 + κ
(
1 +
L
H
)
= 0,
L′ − 1
2
L2 +HL = 2gH′, (24)
with the initial conditions
κ(ηΦ) = 1, κ
′(ηΦ) = 0, 0 < H(ηΦ) 121.
(25)
The functions appearing in Eq. (24) are L ≡ κ′/κ, H ≡
a′/a, and g(η) ≡ 1 − exp [−(ηΦ¯ − η)] for η ≤ ηΦ¯ and
zero otherwise. One might consider other choices of g(η)
depending on the smoothness properties that one wishes
to demand of the stress energy tensor. For this particular
choice of g(η), the stress energy tensor will be continuous
at η = ηΦ¯ and smooth everywhere else. Geometrically,
19 See [21] for a definition of the energy conditions.
20 See footnote 10.
21 Note that we are evolving the metric functions from ηΦ to −∞.
Therefore, the sign of H(ηΦ) is positive as the spacetime is ex-
panding in this direction.
we start from a point near the moment of time symmetry
for the closed FRW geometry and evolve the spacetime
backwards in time while diluting the spatial curvature on
constant η slices. The objective is to push the moment
of time symmetry off to η → −∞, thereby avoiding the
white hole singularity.
Before discussing the properties of the modified FRW
spacetime, we find it helpful to comment on the moti-
vation behind the set of equations given in (24). The
first equation can be regarded as the conservation of the
homogenized Misner-Sharp mass. Indeed if we define
R(t, r) = ra(t) and require k to have time dependence
in Eq. (11), we arrive at the first equation in (24) by
setting M,t = 0. The second equation in (24) is perhaps
less motivated, mainly designed to give a sufficiently slow
evolution for κ in order to keep the modified spacetime
from violating the dominant energy condition.
We now provide more details on the solutions to the
dynamical equations given in (24). To see that the mo-
ment of time symmetry is avoided at any finite time, note
that initially H′(ηΦ) < 0 and H(ηΦ) > 0 as we evolve the
spacetime backwards in time. If L < 0 and κ > 0 at all
times η < ηΦ, then H cannot go to zero since that would
imply H′ → +∞, which is a contradiction.
To see how L evolves in time, note that the sec-
ond equation in (24) together with the initial conditions
L(ηΦ) = L′(ηΦ) = 0 implies that L′′(ηΦ) < 0. Thus,
L < 0 at times η < ηΦ and sufficiently close to ηΦ. Fur-
thermore, we expect to have L > −H as long as κ > 0.
Indeed if L = −H at some finite time η∗ < ηΦ, Eq. (24)
implies L′(η∗) > |H′(η∗)| = H(η∗)2/2. Therefore, while
L initially decreases below 0 we must have L > −H. The
only way that L can become equal to −H at some time
η∗ is to have 0 ≤ L′(η∗) ≤ |H′(η∗)| which is inconsis-
tent. Likewise, L(η∗) = 0 is forbidden since it requires
L′ ≥ 0 in the vicinity of η∗, whereas Eq. (24) implies
L′ = 2gH′ < 0 at η∗.
In fact, given our choice of initial conditions, it is not
difficult to see that the dynamical system under study
has an attractor solution L → −H. Informally, we can
see that this solution is a true attractor by writing L(η) =
L0(η)+δ(η), where L0 = −H and initially |δ|  |L0|. We
can then substitute this expression for L into the second
equation in (24) and assume |η − ηΦ|  1 to find the
following differential equation for δ
δ,η − 1
2
δ2 − 2L0δ = 0. (26)
Since for the attractor solution we have H ≈ −L ≈ 2/|η|,
Eq. (26) gives δ ∝ 1/η4, which falls off faster than L0
for large |η| as expected. Thus, we have a ∝ η2 and
κ ∝ 1/η2 as η → −∞. As a result, one can check that
the components of the Riemann tensor for the constant η
slices go to zero as η → −∞. This is equivalent to saying
that the constant η slices become nearly intrinsically flat
at large |η|.
For the dominant energy condition to be satisfied we
80 2 4 6 8 10
0.0130
0.0135
0.0140
0.0145
0.0150
ÈΗ - ΗFÈ
FIG. 6. This is the plot of |L| (the solid blue line) and H (the
dashed purple line) versus |η − ηΦ| as we evolve the space-
time backwards in time. Notice that |L| converges to H very
quickly.
must have
ρ ≥ |pxˆ1 |, ρ ≥ |pθˆ|, (27)
at all times, where {ρ, pxˆ1 , pθˆ} are the independent eigen-
values of the stress energy tensor in a locally orthonormal
frame
ds2 = −dxˆ20 + dxˆ21 + dθˆ2 + dφˆ2 (28)
(pθˆ = pφˆ due to spherical symmetry). Given the metric
(23), a routine calculation gives (η dependence is sup-
pressed)
ρ =
1
16pia2
[
Gηη −Gχχ +
√
(Gηη +Gχχ)2 − 4G2ηχ
]
,
pxˆ1 =
1
16pia2
[
−Gηη +Gχχ +
√
(Gηη +Gχχ)2 − 4G2ηχ
]
,
pθˆ =
κ
8pia2 sin(
√
κχ)2
Gθθ, (29)
where Gab is the Einstein’s tensor. We should first show
that the quantity inside the square root in Eq. (29) re-
mains positive semi-definite at all times. This condition
is also necessary to ensure that the eigenvector associated
with ρ is timelike. It is sufficient to have
Gηη +Gχχ ≥ 2|Gηχ|
⇒ 2H2 − 2H′ + 2κ+ 1
2
L2[χ2κ− f(χ, κ)]+ f(χ, κ)L′
≥ −2χκL
⇒ 2H2 − 2[1− gf(χ, κ)]H′ + 2κ− f(χ, κ)HL+ 1
2
χ2κL2
≥ −2χκL, (30)
where f(χ, κ) ≡ 1−χ√κ cot (χ√κ) and we used the fact
that L ≤ 0 at all times. We also used Eq. (24) in the
last inequality. Since 0 < κ ≤ 1 and 0 ≤ χ ≤ pi/2, we
have 0 ≤ f ≤ 1. Given that |L| < H at all times, the
inequality (30) comes down to
2H2 − 2[1− gf(χ, κ)]H′ + 2κ[1− pi
2
H]− f(χ, κ)HL
+
1
2
χ2κL2 ≥ 0 (31)
which is correct at times η < ηΦ becauseH  1, LH < 0,
and [1− gf(χ, κ)]H′ < 0, with the latter following from
Eq. (24) and 0 ≤ g < 1.
To show ρ ≥ |pxˆ1 |, it is sufficient to show that Gηη −
Gχχ ≥ 0. Using Eq. (24), we have
Gηη −Gχχ = 4H2 + 2[1− gf(χ, κ)]H′ − 3f(χ, κ)HL+ 4κ
+L2
[
1− 1
2
f(χ, κ)− 3
2
χ
√
κ cot (χ
√
κ)
+
1
2
κχ2
(− 1 + cot (√κχ)2)] ≥ 4H2 + 2H′ − 3f(χ, κ)HL
+4κ− L2 ≥ 2H2 + 3κ− κLH − 3HL ≥ 0. (32)
Finally, we ought to show that ρ ≥ |pθˆ|. As for |pθˆ|,
we have
8pia2|pθˆ| =
∣∣∣∣∣− κLH
[
1 +
1
2
gf(χ, κ)
]
− 1
2
gf(χ, κ)[κ+H2]
+
1
2
f(χ, κ)HL+ 1
4
χ2κL2
∣∣∣∣∣ ≤ −32κLH + 12[κ+H2]− 12HL
+
1
4
χ2κL2 ≤ 2κ+H2
[
1 +
1
4
χ2κ
]
≤ 2[κ+H2]. (33)
Likewise we have for the locally measured energy density
8pia2ρ =
1
2
[
Gηη −Gχχ +
√
(Gηη +Gχχ)2 − 4G2ηχ
]
≥ Gηη − |Gηχ| = 3[κ+H2]− 2f(χ, κ)HL+ χκL
+
1
2
L2
[
f(χ, κ)− 1
2
+
1
2
κχ2 cot (χ
√
κ)
2
]
≥ 3[κ+H2] + χκL ≥ [3− pi
2
H]κ+ 3H2, (34)
where we used
f(χ, κ)− 1
2
+
1
2
κχ2 cot (χ
√
κ)
2
> 0. (35)
As can be seen from the last expressions in Eq. (33) and
Eq. (34),for ρ ≥ |pθˆ| it suffices to have 1 − (pi/2)H ≥ 0,
which is true for η < ηΦ given that H  1 at such times.
Therefore, we conclude that the modified FRW spacetime
satisfies the dominant energy condition everywhere to the
past of ηΦ.
B. A numerical study of the modified
Lemaˆıtre-Tolman-Bondi geometry
We now apply the formalism developed in Sec. IV A
to the LTB metric given in Eq. (5). The equations (24)
9in this case become
R˙2 + 2RR¨+ r2k
(
1 +
k˙R
kR˙
)
= 0,
R˙
k˙
k
− 1
2
R
( k˙
k
)2
+ ∂t
(
R
k˙
k
)
= 2gR¨, (36)
where dot denotes differentiation with respect to the LTB
time coordinate t and g = 1−exp [−{tΦ(r)− t}]. We de-
fine tΦ(r) to be the location of the spacelike slice between
tΣ and the future event horizon found in Sec. III C for
which all spherical shells have
R˙[tΦ(r), r] ≈
(
pi
2 − 3k(r)3/2[tΦ(r)− t0(r))
]
2
r
√
k(r)
= −10
−6
2
r
√
k(r), (37)
where k(r) is the spatial curvature that we constructed in
Sec. III C. The relation given in the first line of Eq.(37)
comes from the Taylor expansion of R˙ near tΣ for which
R˙ = 0 everywhere. The numerical factor 10−6 in the sec-
ond line of Eq. (37) is chosen so that all spherical shells
are located between tΣ and the future event horizon.
We numerically solve the coupled system of ordinary
differential equations (36) for −∞ < t < tΦ(r) and 0 ≤
r ≤ 99/10 using the following initial conditions 22
k[tΦ(r), r] = k(r), k˙[tΦ(r), r] = 0,
R˙[tΦ(r), r] =
10−6
2
r
√
k(r). (38)
We then examine the locally measured energy density
and principal pressures of the modified spacetime, which
are given by
ρ =
1
16pi
[
Gtt −Grr +
√
(Gtt +Grr)
2 − 4GtrGrt
]
,
pxˆ1 =
1
16pi
[
−Gtt +Grr +
√
(Gtt +Grr)
2 − 4GtrGrt
]
,
pθˆ =
1
8pi
Gθθ. (39)
The modified LTB spacetime shares very similar qual-
itative features to its homogeneous counterpart. In par-
ticular, k˙/k → −R˙/R, or equivalently R ∝ t2/3 and
k ∝ t−2/3, at times t  tΦ(r) for all spherical shells.
Similar to the case of the modified FRW metric, it is not
difficult to check that the constant t slices become nearly
intrinsically flat as t → −∞. Despite the fact that the
eigenvalues of the modified stress energy tensor no longer
have the same functional form as the ones obtained in
the previous section as they now contain terms with ra-
dial derivatives, our extensive numerical investigations
provide no evidence for the violation of the dominant
energy condition. Therefore, we are convinced that the
22 Recall that we are integrating backwards in time, so R˙ > 0.
modified LTB spacetime constructed using (36) avoids
the white hole singularity while satisfying the dominant
energy condition. In Fig. 7 we plot the eigenvalues of
the modified stress energy tensor in a local orthonormal
frame for spherical shells at a few different radii.
Finally, note that there is also a non-vanishing bound-
ary stress energy tensor for t < tΦ(rout). This is due
to the discontinuity of the time-time component of the
boundary extrinsic curvature in this region of spacetime.
Indeed, ~u = ~∂t is no longer a geodesic in the exterior
Schwarzschild geometry for t < tΦ(rout), while remain-
ing a geodesic in the interior geometry at all times. The
independent eigenvalues of the boundary stress energy
tensor in the orthonormal {t, θˆ, φˆ} frame are given by 23
ρ¯ = 0, p¯ = − 1
16pi
r2k
R
√
1− 2MR + R˙2
k˙R
kR˙
, (40)
which are evidently positive semi-definite at all times due
to the fact that (k˙R)/(kR˙) ≤ 0 [See Fig. 6]. Therefore,
the boundary stress energy tensor satisfies the weak en-
ergy condition.
C. Black hole’s formation timescale
We find it appropriate to define the black hole’s for-
mation timescale to be the interval along I− between
the two ingoing null geodesics that intersect the begin-
ning of the event horizon and the outer boundary of the
collapsing object as it crosses the event horizon [See Fig.
8]. Intuitively, this corresponds to the time required for
the collapsing object to cross its own event horizon as
measured by the asymptotic null observers at I−.
We now show that this timescale is on the order of M2
for the modified LTB collapse models constructed in Sec.
IV B. To begin, notice that the modified LTB geometry
evolves very slowly compared to the LTB geometry. In
fact, to a good approximation we have
∆v = v1 − v2 = ∆t¯+ ∆r¯∗ ≈ ∆t¯, (41)
where r¯∗ is the Schwarzschild’s tortoise coordinate 24.
In other words, the proper observer on the boundary is
nearly stationary between the times t¯1 and t¯2. As a re-
sult, we have
∆t¯ ≈ ∆t√
1− 2MR(t1,rout)
, (42)
where ∆t is the proper time interval between t¯1 and t¯2
measured by the proper observer on the boundary. Us-
ing the fact that the proper observer on the boundary
23 The boundary stress energy tensor comes from a standard cal-
culation for the exterior Schwarzschild geometry. We have also
used Eq. (36). See [22].
24 r¯∗ ≡ r¯ + 2M log |r¯/(2M)− 1|
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FIG. 7. This is the plot of the eigenvalues of the modified
stress energy tensor versus log[R(t, r)/R(tΦ, r)] for spherical
shells at three different radii.
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FIG. 8. This is the Penrose diagram of a collapsing object
embedded in a Schwarzschild exterior. The ingoing null rays
with advanced Eddington-Finkelstein coordinates v1 and v2
intersect the collapsing object at (t¯1, 2M) and (t¯2, r¯2 ≈ 2M)
respectively.
remains quite close to its initial location where R˙ ≈ 0, it
follows from the Eqs. (19), and (21) that
∆t¯ ∼Mρ1/4out∆t ∼Mρ1/2outS ∼M3ρ1/2out ∼M2, (43)
where S is the entropy evaluated on Σ and ρout ≡
ρ[tΦ(rout), rout] ∼ r−6out ∼ M−2, assuming that k ∼ r−2
for the outer shells [See Sec. III C]. To arrive at (43), we
also used the slow evolution of the interior metric to argue
that ∆t is on the order of the temporal change along the
future event horizon. We then approximated the tempo-
ral change along the event horizon using its value along
the surface Σ. This is a reasonable approximation given
the proximity of Σ to the event horizon.
V. CONCLUDING REMARKS
In this paper we revisited the validity of the conjec-
tured entropy-mass-timescale relation given in (1). We
11
constructed a pathology free spacetime from a monster-
like initial condition that saturates the Bekenstein-
Hawking entropy bound and forms a black hole within
a timescale on the order of M2. The constructed space-
time satisfies the weak energy condition. This construc-
tion invalidates the conjectured entropy-mass-timescale
relation by a factor of M1/4.
However, the constructed spacetime appears to be
finely tuned and probably does not represent a generic
scenario of gravitational collapse. Moreover, though be-
yond the scope of this paper, the question of whether
the spacetimes constructed using the recipe provided in
Eqs. (24) and (36) are classically and quantum mechan-
ically stable needs to be addressed. Perhaps one way
of looking at our conclusion is that violating the conjec-
tured entropy-mass-timescale relation can only be done
by some contrived mathematical construction.
Finally, we note that discovering any connection be-
tween the relation given in Eq. (1) and the quantum
focusing conjecture formulated in [23] can be illuminat-
ing.
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Appendix A: Lemaˆıtre-Tolman-Bondi geometry
with event horizon intersecting the singularity
In Sec. III C we mentioned that it is possible for some
LTB-Schwarzschild geometries not to have any achronal
slices that are completely outside of the future event hori-
zon. It is then implied that in these spacetimes the future
event horizon intersects the past curvature singularity.
As an example, let us assume that the interior LTB ge-
ometry has a radial coordinate r that covers from r = 0
to r = 99/10 ≡ rout. Now consider a constant time slice
Θ for which we set t = 0 and that it is foliated by the
maximal spheres, i.e. R˙(tΘ, r) = 0 everywhere on Θ. Af-
ter setting 8piρ¯ = 1, it follows from Eq. (8) that u = pi
and
t0(r) = − pi
6k(r)3/2
. (A1)
As for k(r), we take the same solution as in Sec. III C
by assuming that the non-degeneracy condition (4) the
shell-apparent horizon physical distance condition (17)
are both saturated. We then solve Eq. (20) to find the
location of the future event horizon subject to the ap-
propriate boundary value for rout. It turns out that the
future event horizon intersects the past curvature singu-
larity at r ≈ 8.657. See Fig. 9
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FIG. 9. This is the plot of tH (solid blue line) and t0(r)
(dashed violet line) versus r. The future event horizon inter-
sects the curvature singularity at r ≈ 8.657.
Appendix B: On the validity of the Gaussian normal
coordinates for the modified metrics
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FIG. 10. Here we have plotted the solution of Eq. (36) for
a number of shells. As can be seen from the figure, shells
expand without any crossing.
In Sec. IV we introduced a formalism in which the
radial-radial component of the FRW or LTB metric had
an additional time dependence. We implicitly assumed
that the Gaussian normal coordinates used to define the
FRW and LTB metrics can also be used to define the
modified metrics. Here we sketch an argument showing
the validity of this assumption.
Recall that the Gaussian normal coordinates can be
constructed for a spacetime if and only if there exists
12
a family of Cn≥1 timelike geodesics in the spacetime for
which every point is located on exactly one of these time-
like geodesics. The coordinates are then constructed with
~u = ~∂t being the unit tangent to each timelike geodesic.
A trivial consequence of the existence of such a family
of timelike geodesics is that there are no congruences of
timelike geodesics with unit tangent ~u = ~∂t that form a
caustic anywhere in the spacetime 25.
The modified LTB metric is given by
ds2 = −dt2 + R
′(t, r)2dr2
1− r2k(t, r) +R(t, r)
2dΩ2, (B1)
where r2k(t, r) < 1 at all times and k˙(t, r) 6= 0 for
−∞ < t < tΦ(r) [see Sec. IV B]. Here we have implic-
itly assumed that the Gaussian normal coordinates used
to define the LTB metric (5) can be used to define the
modified LTB metric as well. To ensure that this can be
done, we must show that the expansion θ ≡ (3)gab∇aub
does not diverge for any congruence of timelike geodesics
with unit tangent ~u = ~∂t
26. A short calculation gives
θ =
1
2
(3)gabg˙ab
=
R˙′(t, r)
R′(t, r)
+
R˙(t, r)
R(t, r)
+
r2k˙(t, r)
2[1− r2k(t, r)] . (B2)
Pursuant to our discussions in Sec. IV A and IV B with
regards to the modified metric functions and their asymp-
totic behaviour, we do not expect any divergences to oc-
cur in (B2) at any radii and time in the past. Therefore,
we do not see a problem with the use of Gaussian normal
coordinates for the modified FRW and LTB metrics.
Appendix C: Aerial radii do not coincide for distinct
coordinate radii in the modified spacetime
If two aerial radii corresponding to two distinct coor-
dinate radii coincide at some time to the past of tΦ(r),
the formalism of Sec. IV would be invalidated. Numer-
ically we can confirm that this does not happen for the
solutions to the system of equations (36). See Fig. 10
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